Bounded i^oo-calculus for pseudodifFerential 
Douglis-Nirenberg systems of mild regularity 

R. Denk, J. Saal, and J. Seller 

Abstract. We consider pseudodifTerential Douglis-Nirenberg systems on R" with components be- 
longing to the standard Hormander class g(^" xR"), < 6 < 1. Parameter-ellipticity with respect 
to a subsector A C C is introduced and shown to imply the existence of a bounded i?oo-calculus in 
suitable scales of Sobolev, Besov, and Holder spaces. We also admit non pseudodifTerential perturba- 
tions. Applications concern systems with coefficients of mild Holder regularity and the generalized 
thermoelastic plate equations. 
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1. Introduction 

The concept of maximal regularity is an important tool in the modern analysis of nonlinear (parabolic) 
evolution equations. For a densely defined closed operator A : T>{A) C X ^ X in a Banach space X, 
maximal Lg-regularity essentially means that the initial value problem ut + Au{t) = f(t), u(0) — 0, 
for each right-hand side / € Lq{M.+ ,X) admits a unique solution with Au G _Lg(R+,X) (in case of 
invertibility of A this is equivalent to w G W^{B.+ ,X) n Lq(M+, P(A))). In combination with fixed 
point arguments maximal Lg-regularity may be used to deduce existence and regularity results for 
solutions of nonlinear problems. 

It is known that A is the generator of an analytic semi-group in X , provided it has maximal regularity. 
The reverse implication, however, is false. Thus it is natural to address the question, which conditions 
on A imply maximal regularity. One such condition is the existence of a so-called bounded 7?oo-calculus 
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for A. This is a functional calculus, that allows to define f{A) G -^{X) for certain complex-valued 
holoniorphic functions /; for a short review see Subsection 14.21 This calculus was introduced by 
Mcintosh in ^13j and recieved since then a lot of attention (cf. 3 and [llj for extensive expositions 
and further literature). The existence of an I/oo-calculus implies existence of bounded imaginary 
powers. Combining this with a classical result of Dore and Venni [6], maximal regularity follows. An 
alternative approach to maximal regularity relies on the so-called 7^-boundedness of the resolvent. 

The aim of the present paper is to establish conditions for perturbed Doughs- Nirenberg systems that 
ensure the existence of a bounded _ffoo-calculus, hence of maximal regularity. We consider pseudo- 
differential systems on R" with components whose symbols belong to the standard Hormander class 
<S'J'^-(M" X R"), < 6 < 1 (the order * is different for each component). The established condition 
is a condition of parameter-ellipticity with respect to a sector A C C containing the left half-plane, 
called A-ellipticity throughout the paper. We give two, initially seemingly different, formulations of 
A-ellipticity (see Definitions 13.11 and 13 . 2|) . The first is motivated by a notion of parameter-ellipticity 
introduced by Denk, Menniken, and Volevich in [4], which is connected with the so-called Newton- 
polygon associated with the system. The second formulation is modeled on a condition introduced by 
Kozhevnikov [8], [9], for classical (i.e. polyhomogeneous) Douglis-Nirenberg systems. Although differ- 
ent in appearance, we proof that both notions of ellipticity are equivalent. For A-elliptic systems we 
construct in Section [3] a parametrix and show that such systems are diagonalizable modulo smoothing 
remainders. In Section 2] we establish the existence of a bounded 7?oo-calculus. 

The perturbations we admit in our analysis allow us not only to consider systems with smooth symbols 
but also with symbols of a mild Holder regularity, see Section [5l Minimal regularity assumptions on the 
symbols (i.e., the coefficients in case of differential systems) are of particular importance when aiming 
at nonlinear problems. As a further application, see Section [6l we consider the so-called generalized 
thermoelastic plate equations introduced in [1], [14] . It has been shown in [5] that (for the involved 
parameters belonging to the 'parabolic region') this equation can be seen as an evolution equation 
with a generator of an analytic semi-group. We improve this result, showing the existence of a bounded 
/foo-calculus. 

2. Douglis-Nirenberg systems: Basic definitions and properties 

In this section we provide the basic notation and definitions that will be used throughout the paper. 
Moreover, we recall some standard properties of pseudodifferential operators. 

Definition 2.1. The symbol class 5^(]R" x R") with ^ G R and < S < I consists of all smooth 
functions a = a{x, ^) : R" x R" C satisfying 

Wafs^k--^ sup |i?^"7?fa(:.,OI(0-''+l"'-"^l <oo 

\a\ + \fj\<k 

for any k G Nq. As usual, we use the notation (^) := (1 + |^P)^/^ and D :~ ^id. Frequently, we shall 
simply write Sg . In case 6 = 0, we suppress S from the notation. 

The system of norms || • \\g f., k G No, defines a Frechet topology on Sg. To a given symbol a E Sg we 
associate a continuous operator a{x, D) : iS(R") 5(R") by 

[a{x,D)u]{x) = [ e~"^a{x,^)u{^)d^, 
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where u is the Fourier transform of u and — (27r)~"c?^. By duahty, we extend this operator to 
a{x, D) : 5'(M") iS'(]R"). This operator restricts to Sobolev spaces in the foUowing way: 

Theorem 2.2. Let a e S'^(R" x M") and \ <p < oo. Then a{x,D) restricts to a continuous map 

a{x,D) : H;{W') H^-''{R") 
for any real s. Moreover, we have continuity of the mappings 
(2.1) a ^ aix,D) : S^{K" x M") — > /:(ff^(R"), i/;-^(R")). 

The continuity of l|2.ip entails that the norm ||a{x, D)|| as a bounded operator between Sobolev spaces 
can be estimated from above by C ||a||^^ with suitable constants k and C that do not depend on a. 
Pseudodifferential operators behave well under composition: There exists a continuous map 

such that ai{x, D)a2{x, D) = (ai#a2)(a;, £)). For an explicit formula of the so-called Leibniz-product 
ai#a2 see, for example [lOj . In the sense of an asymptotic expansion we have 

ai#a2 ^ ^d?aiD^a2, 

i.e., for any positive integer iV, 



iJ.i+p.2-{l-S)N 
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a 

\a\=0 

Definition 2.3. A Douglis-Nirenberg system is a (qx q)-matrix, q G N, of pseudodifferential operators 

A{x,D) = (a,j{x,D)) 
such that there exist real numbers mi, . . . , and /i, . . . , with the property that 

a,, {x, e S's^""' (M" X R") V z, J = 1, . . . , g 
and the numbers r; := li + mi satisfy ri > r2 > ■ ■ ■ > rq > 0. 

A Douglis-Nirenberg system in the sense of the previous definition induces continuous operators 

A{x, D) : © (R") — > © H'-^^ (R") V s e M. 

Due to the requested nonnegativity of the we have that s + nii > s — 1^. Therefore, we may (and 

q q s+m ■ 

will) consider A{x,D) as an unbounded operator in © with domain © Hp ™^(R"). 

3. A-elliptic Douglis-Nirenberg systems 
3.1. Parameter-ellipticity. From now on let A denote a closed subsector of the complex plain, 

i.e. 

(3.1) K^K{e)^{re''f \r>Q, 9 < LP <2TT-e], < 61 < tt. 

We let A{x, D) be a system as in Definition [531 Moreover, for simplicity of exposition, we shall assume 
from now on that 

(3.2) ri > r2 > . . . > > 0, ri := k + rm. 
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Let US point out that this assumption is mainly made for notational convenience; the main results 
of the present paper, i.e. parametrix construction, diagonalization, and existence of a bounded Hoo- 
calculus, remain valid (in an adapted formulation) also in the general case when in (|3.2p some (or all) 
of the inequalities are replaced by equalities. Let us also mention that we assume neither any ordering 
nor positivity or negativity of the numbers h, . . . ,lq, mi, . . . , mq. 

We shall now introduce two notions of parameter-ellipticity, where the parameter-space is just the 
above sector A, and then show that they are equivalent. These conditions are modeled on those given 
in [U and [8], [9]. To this end let 

(3.3) P(x,e;A) =P^(x,e;A) := det(A(x,0 - A) 

denote the characteristic polynomial of A{x, ^) (where we identify A with XI and where / denotes the 
identity matrix). It is straightforward to verify (see also Lemma [3T5|) that 

|P(a;,^;A)|<C7((0'-^ + |A|)-...-((0'^' + |A|) Vx,eeM" VAeC 

with a suitable constant C > 0. 

Definition 3.1. A{x,D) is said to be K-elliptic if, for some constants C > and R>0, 

(3.4) |P(x,^;A)|>C((0''^ + |A|)-...-((0''' + |A|) V x e R" V |^| > P V A e A. 
For the second definition let us introduce further notation. We call 

A[k] (x, D) = (a^j {x,D)) , 1 < K < g, 

the K-th principal minor of A(x, D) and let 

P„=diag(0,...,0,l)eC''^^ 
Definition 3.2. A{x, D) is called K-elliptic [with principal minors) if 

(3.5) |det(^[K](a;,0 - AP«,)| > C(0'''+-+''''-'((0''" + |A|) VxeK V|C|>P VAeA, 
with suitable constants C > and R > 0, for each 1 < k < q. 

Theorem 3.3. The two notions of A-ellipticity given in Definition 13.11 and 13.21 respectively, are 
equivalent. 

Proof. That A-elliptic with principal minors implies A-ellipticity in the sense of Definition 13.11 we 
shall prove in Corollary 13. 101 below. For the other implication, we proceed in two steps: 
Step 1: First we will show that the condition of A-ellipticity with principal minors is satisfied for 
A = 0. More precisely, we will show that there exist P > and C > such that for all k = 1, . . . , g 
we have 

\detA[K]{x,^)\>C{0'''^'"^'''' VxeM" V |e| > P VAeA. 

Assume this is not the case. Then there exists a k € {1, . . . , g} and a sequence {xk,£,k)keN C M" x M" 
with l^fcl oo and 

(3.6) \detA[K]{xk,ik)\ (a)-'^^--''- ^=2fUo. 
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We define r '"+^"+1 £ (rK+i,r„) and choose the sequence {Xk)keN C A by :— {^.k^Xo with a 
fixed Ao G A, |Ao| = 1. We will consider the q x g-matrix 



-Xlq-n, 



where Iq-n stands for the (g — K)-dimensional unit matrix. Due to (|3.6p we have 
/o 7\ \detA[K]{xk,£,k,Xk)\ k^oo 

For a rescaling of the matrix A[k], we set ej :— ^-^p- > for = k + 1, . . . , g and 

D,{0 := diag((C)-'\ . . . , • • • , (0"''"^')' 

D2{^) diag((e)-™S . . . , (^)-™«, . . . ^ 

We will estimate the coefficients bij{x,^^X) of the matrix 

B{x, A) := D,{0 ({A{x, ^ - A) - A[k]{x, ^, A)) i?2(0- 

For i,j<K we get 
For i, j > K one has 



hjixk,^k,Xk)\ = %(a)-''-|Afe| = S,j{^kV-''' 0. 



since aij(x,^) G ^''^'"^(M" x M") and ei,ej > 0. In the same way, we get \bij\ in the cases 
i ^ j > K and i > k, j < k, where now only one factor of the form (Cfc) appears. Hence 
B{xk,^k, Xk) ^^°°> 0. By direct computation, Di{^k){A{xk,^k) — Afc)I?i(5fc) can be shown to be 
bounded, uniformly in k. Since the determinant is uniformly continuous on bounded sets, we thus can 
conclude that 

det Di{^k){A{xk,^k) - Xk)D2{^k) - det Di{^k)A[ti]{xk,^k, Xk)D2{^k) ^ 0. 
From this, the definition of \Xk\, and p.7p we obtain 

I det (^(a:fe,^fe) - Afe)| k- 



(efe)-i+-+-.|Afc|9- 

By our choice of r and Xk we have 



0. 



> 1. 



The last two statements yield 



\det{A{xk,^k)-Xk) \ ■ n {{^uY' +\Xk\) ^ 
i=i 

which contradicts the A-ellipticity of A{xtD). Thus the conditions of Definition 13.21 are satisfied for 
A = 0. 

Step 2: Now we want to show that condition (|3.5p holds for A ^ 0. If this is not the case there exists 
a K e {1, . . . , 9} and a sequence {xk,S,k, Xk)keN C M" x M" x A with ^00 and 
.ooN \det{A[K]{xk,^k) - XkE^)\ k^oo 
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We shall use the equality 

det {A[k]{x,^) - \E^) = Ae.\.A{K\[xX) - Adetyl[K - 
which is valid due to the linearity of the determinant with respect to the K-th column. 



(i) First we show that liminfj; 



to a subsequence, that 



- > 0. If this is not the case we may assume, by passing 
0. Now we apply Step 1 of this proof to estimate 



|det(AM(xfc,gfc) - Afeg^) 

|detA[K-l](xfc,Cfe) 



> \\k\ 

> Ci 



\ det A[K]{xk,Ck)\ 



{^ky^+-+'--^my- + lAfei) {Cky^+-+^'^-^my'^ + \Xk\ 



-Co 



with two positive constants Ci and C2 ■ For fc — > 00 the right-hand side of the last inequality 
tends to Ci > which contradicts p.8p . 
(ii) In the same way we show liminfi;_»oo ^^^^''j^ > 0. If this does not hold, we may assume 



0. Thus we obtain 



\det{A[K]{xk,^k) - \kE^)\ 



>Ci 



k — 'oc 



Ci > 0, 



again a contradiction to (|3.8p . 
(iii) Due to (i) and (ii), there exist positive constants C3 and C4 with 

Csi^kY'^ < \Xk\<Ci{aY^ 

for sufficiently large fc. As in Step 1, we use the scaling matrices -Di(C) and D2{^), now 
setting r :— r^. For the coefficients of the matrix 

'A[>i]{x,i)-\E^ 



B(x,^,A) :=i?i(0 



{A{x,i)-\I,) - 







-A/, 



q — K, , 



we obtain the estimates 



\bij{xk,^k, Afe)| = < 



In all cases |6y (xfc, ^fc, Afc) 
the equality 





K{xk,^k)\{^k)-''-"'^-'' 
, \aij{xk,^k) \ (Cfc) 



i = K^j <K or i<K,j = K 

i > K, j < K 
i < K, j > K 

i,j > K 



li—nij —Ei—Ej 

0. In the same way as before we obtain, using (|3.8p and 



n ((ar^ + iAfci) 



k^oo 



i^k) 



riH hr„ 



-((efc)'-'' + |Afei)|Afe|9- 



that 



I det Cfc) - \k) I • n H^kY' + lAfcl) ' 0. 

This contradicts the A-ellipticity of A{x, D) and finishes the proof. 



□ 
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3.2. Construction of the parametrix. Throughout this subsection let A{x, D) be a A-ehiptic 
Douglis-Nirenberg system. For simphcity we shall assume that (|3.4p holds with i? = 0. As the following 
lemma shows, for our purposes that is no restriction: 

Lemma 3.4. Let A{x,D) be A-elliptic. Then there exists an ao >0 such that the system Aa{x,D) := 
A(x, D) + a satisfies 

|PA„(:r,C;A)|>C((0^^+|A|)-...-((0'^' + |A|) V a; G M" V^eR" V A G A, 
whenever a > ao- 

Proof. By definition, we have 

Pa^ (x, ^; A) = Pa{x, ^; a - a) - dct{A{x, - (A - a)) . 
Obviously, there exist constants d < 1 < D such that 

d(A) < |A-a| < L»(A) VAgA. 
As A — a G A for each A G A, the A-ellipticity of A{x, D) thus yields that 

\Pa^ (x, C; A)| > a + (A)) • . . . • + (A)) 
uniformly in a; G M", |^| > R and A G A. Let us consider those with \^\ < R. Clearly, 

sup 11^(2^, Oil < oo- 

£cGR", |5|<-R 

Thus, choosing ao large enough, Aa{x^S^) has no spectrum in A and 

d{\Y <\PAAx.i-A)\<D{XY VAgA 
uniformly in a; G K" and |^| < i?, for suitable constants d <1 < D. This yields the result. □ 
Lemma 3.5. Define 

G(") [x., e; A) = (5^°) (x, A)) :^ C) - A) 

Then the following uniform in (x,^, A) G x x A estimates hold true: 

\D"^DPg'ff{x,i-X)\ < C^p ((0- + \\\)-\{S,Y' + |A|)-i(0''+"^-l"l+^l'^l 
in case i ^ j, and 

\D1DPgf{x,^-\)\ < C^p ((0'-' + |Ari(0^"l+'l''l. 
Proof. According to Cramer's rule we have 

9f^\x,i-\) = -^j^-L_det(A(x,C) - A)(-^), 

where B^"^'^^ denotes the matrix obtained by deleting the j-th row and i-ih column of the matrix B. 
Let us consider the case i ^ j. Set Z^'' = {1, . . . , (7} \ {I}. Then, suppressing {x, £,) from the notation, 
det{A{x,S,) — A)*^*'-'^ is a linear combination of terms 

i^il.il ^ A) • ■ • {cii^^i^^ — A) • Ctifc+i,7rifc+i ' ' ' Q-i,- 1 ,7ri,_i , 

where Z^^^ = {n, . . .,iq-i}, 1 < /c < g - 2, and tt : Z^J) ^ is a bijection. Each of these terms can 

be estimated from above by (0'*(0™^ O ((C)'^' + |A|)- Together with the ellipticity assumption 

1=1 
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this shows the desired estimate in case \a\ = \(3\ — 0. The general case follows similarly using chain 
and product rule. The case i = j is analogous. □ 

Note also that the estimates of G^'^-' from the previous lemma for a = f3 ~ are easily seen to imply 
the estimate p.4p . Thus this would yield another equivalent definition of A-ellipticity. 
As a direct consequence of these estimates, we get the natural fact that A-elliticity is preserved under 
perturbations by lower order terms: 

Corollary 3.6. Let A{x,^) and A{x,^) be two Douglis-Nirenberg systems such that A{x.X) is A- 
elliptic and for each 1 < i,j < q the (i,j)-th component of R{x,^) :— A{x,^) — A(x,^) has order 
li + mj ~ e for some e > 0. Then also A(x, ^) is K-elliptic. 

Proof. For large enough |^| we have 

Aet{A{x,C) - A) = det(A(x,C) - A)dct(l + {A{x,S) - Xr^R{x,C))- 
Define M(0 = diag((0"S • ■ • , (0"') and L{Cj = diag((0'S • • • , (0'')- Conjugation with M yields 

(3.9) det(l + {A(x,0 - A)-ii?(x,0) = clet(l + M{i)G(''\x,^-\)L{Om-^R{x,OM{0''). 
The (i, j)-th component of L^^RM^^ is just 

Due to Proposition 13.51 the {i,j)-th component of MG^^^L can be estimated from above by 

for i ^ and analogously for i = j ■ Therefore the matrix on the right-hand side of (|3.9p tends to the 
identity matrix for |^| — > oo, uniformly in {x,\). Hence the absolute value of the determinant (|3.9p 
can be estimated from below by 1/2 for sufficiently large |^| and all (a:, A) S M" x A. Thus with A also 
A satisfies the ellipticity assumption given in Definition 13.11 □ 

Proceeding with G^"-' from Lemma 13.51 we define recursively for G N 

(3.10) G('')(x,^;A)= E ^(afG('"))(a;,^;A)(i^^A)(x,OG(")(x,e;A). 

m-\-\a\—i' 

By induction, each d^dl^G'-''\ v > 1, is a finite linear combination of terms 

(3.11) G(o)(5f afM) • . . . • G(°)(5|"=9f'=v4)G(°) 

with jail + ... + \ak\ = |a| + 1^, | + . . . + |/3fc| = and k > 2. From this we deduce the following: 

Proposition 3.7. Let A{x,D) be K-elliptic and G^") (x, ^; A) — \g'"^\x,£,]\)\ be defined as in 

' V -' / l<i,j<q 

(|3.10p . In case v > I we have 

\dp^,9S\x,c,x)\ < c^^m^ + iA|)-i((0'-^- + \x\)-\s^Y^+"^^-^^-'>-\-\+m 

for all I < ij j < q, uniformly in (a;,i^. A) G M" x M" x A {note that the estimates are also valid for the 
elements on the diagonal, i.e., i = j). 
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Proof. For neN, let = (b'l"'\x,o) be systems with 6,^"' G 5'''+™^ . The proof 

V ■' / l<i,j<q 

rehes on two kinds of estimates. 

First, let H = (S(3)g(°)) • . . . • (B(^)G(°)) for an arbitrary N>3. Then, by induction on N, it is easy 
to see that 

(3.12) |%(x,^;A)| <Cm^^^ + |Ari(0''+"^-. 

Second, consider H = G^"^ B^^^ G^"^ B'^^^ G'^^l We shaU use the explicit formula 

hi. 



a, /3, 7, 5—1 



If in a summand P — j, we can estimate it by 



G 



in view of Lemma 13.51 Now 

\9ll\x,^;Xm'-\<C 



t = a 
i = a 



((0'-' + iAi)-Me)'*((0'-° + iAi)-MO'°+"° 

<^((0''' + |A|)-^(0'' 

and, analogously, 

l5i?(:^,C;A)(0'"1<c((0'-^ + |A|)-i(0"^-. 

Thus we estimate the summand by 

<cm'-' + \x\)-'m''^ + \M)-'{o''^'"^- 

Arguing analogously in the case f3 ^ j we arrive at the estimate 

(3.13) \h.jix,^;X)\ < C((0'-' + |A|)-i((0'-^- + |A|)-i(0''+"^. 
Combining both estimates (|3.12p and p.l3p yields 

(3.14) \iHH),,ix,C;\)\ < C((0'-' + \\\)-'m'^ + |A|)-i(0''+'"^. 
To finally prove the statement of the proposition we set 

i3(")(x,0 := (0l""l-'l''"l5f'5f"a(x,C). 
Then, according to p. lip , we can represent d^di^G^'^^ as a linear combination of terms 

with A: > 2. It remains to use the above estimate p.l4p . 



□ 



Using these estimates we are now in the position to construct a parametrix for A{x,D) — A. For 
standard systems this construction can be found in [lOj . However, we deal with Douglis-Nirenberg 
systems and also make precise the remainder estimate. 
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Theorem 3.8. There exists a G{x,£,;X) = ( ffij (a;, ^; A) ) such that 

(3.15) \d^dP,guix,C,X)\ < C^MY' + |A|)-i(0-l"l+'l^l 
and, for j, 

(3.16) \dpSg.,{x,^;X)\ < c^MY' + \My\{iY' + \x\)-\s,Y^+"^^~\"\+m 

Moreover, for all ^ < i, j < q, 



(3.17) 

All these estimates hold uniformly in (x,^, A) G M" x M" x A and for all a,f3 £ Nq. Passing to the 
operator-level, we have 

G{x,D;X){A{x,D) - X) = 1 + R'^°\x, D; X), 

(3-18) 

{A{x, D) - X)G{x, D;X) = 1 + R'^^^ {x, D; A) 
with remainders i?'-'^-' (x, ^; A) = ( fij \x , X)j satisfying 

\ / l<i.j<q 



(3.19) |95"9fr(f (x,e;A)| < C^pN {Xy^S,)''' 



< CO. 



for arbitrary N E N and all a,(3 G Wq. 

Proof. The symbol G is defined by means of assymptotic summation as 
G(x,e;A) -.^ G(°^{x,^;X) + f: x{e.\^\)G^''Hx,^;X), 

where x : M ^ [0, 1] is a smooth 0-excision functior0 and ei > 62 > ■ ■ ■ - — sufficiently fast. By 
Lemma [331 and Proposition 13 . 71 the estimates (|3.15p . (|3.16p . and p.l7p then hold. It remains to verify 
(|XT5)) . To this end let us define 



Q^(a;,^;A)= ^G('^)(x,C;A), 

JV-l 

J^(a:,^;A)= ^ -9^ Q^(a:, A) C) - A) 



|q|=0 



for iV e N. A direct computation shows that 

J^(x,^;A)-l= J2 ^d!G^''\x,e,X)D^Aix,0- 



v<N,\a\<N 
u+\a\>N 



By Lemma 13.51 and Proposition 13.71 it is easily seen that then 

(3.20) \d?d^{jmx,tx) - 1)1 < c^p + |Ari(o'*+'"^-(^-')^. 



i.e. X vanishes identically in a neighborhood of and 1 — x is a smooth function with compact support 
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Let US now suppress the variables x and ^ from the notation. Then, for any N, 

R^°\X) = G{X)#{A - X) - 1 

= [(G(A) - Q^(A))#(A - A)] + [Q^(A)#(A - A) - J^(A)] + [Jjv(A) - 1] 
S\X) + S\X) + S^{X), 

where # denotes the Leibniz product. The construction of G and Proposition 13. 7i now yield that 

(A)2(G(A) - Q^(A))., G 1 < J < g, 

uniformly in A G A. From this it follows that 

(A)5i.(A) e 5'.+™.+'-i-(i-5)Af^ l<i,3<q, 

uniformly for A G A. By p.20p . the same is true for the components of (A)5'^(A). By the standard 
composition formula for pseudodifferential operators, we obtain 

-■i (i_^)JV-i 



s^x)^N I ^^^[ — R^'\x)de 



with 

R-^'^ix, C; A) = J J er^y^djQ^'ix, ^ + 0r,; X)D2A{x + y, ^ dyd^, 

where the integral has to be understood as an oscillatory integral. Employing again Proposition 13. 7[ 
it is straightforward to see that {X)R]f{X) G S''.+™j-(i-*)l7l uniformly in A G A and < 6* < 1. This 
clearly implies that {X)Sfj{X) G 3^^+""^-^^-^^^ uniformly in A G A. Since TV was arbitrary, it follows 
that (A)i?j^^'' (A) G 5"^°° uniformly in A G A. For i?^^) one can argue analogously by constructing a 
right-parametrix to A{x, D) — X and the using that this coincides with G{x, D; A) up to a smoothing 
remainder (which also has the requested decay in A). □ 

3.3. Diagonalization. The following theorem states, roughly speaking, that each elliptic system 
can be transformed to diagonal form via conjugation with a suitable isomorphism. This transformation 
also preserves A-ellipticity. The theorem was first proved by Kozhevnikov [9] for systems on compact 
manifolds. We follow his proof but extend his result both to operators on M" and more general symbol 
classes. 

Theorem 3.9. Let A{x,D) be A-elliptic in the sense of Definition s^ Then there exists a {q x q)- 
matrix 

V{x,D) = U,{x,D)) 

V / l<ij<q 

with Vii = 1 and 

v^j{x,i) G S-^^'+'^^XM X M) n ^^""'^(M X M)| 
such that V{x, D) is invertible and 

V{x, D)~^A{x, D)V{x, D) = diag(aii(x, £>),... , a,,(a;, D)) + R'^-°^\x, D), 

where 

i) r,^"°°' G S'-°°(R X R) for all l<i,j <q, 



•^Note that —mi + rrij < li — Ij ii i < j, and li — Ij < —rrii + rrij if i > j. 
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ii) eachaii{x,^) G S'J'(R x M) is A-elliptic, i.e. 

|(5,,(x,0 - A)| > + |A|) VxeK V|e|>i? VAeA. 

Before we come to the proof, let us clarify that the invertibility of V{x, D) refers to all induced 

operators ® Hp~^' d iJ^"'- as well as © iJp+"' ^ © for arbitrary s e M and 1 < p < 

j=i i=i j=i i=i ^ 

oo. By spectral invariance of pseudodifferential operators (see |12j . for example), the inverse is again 
of the form W{x,D) — (wy (x, Z?)) . with 

w^j{x,0 e S~"''^"''{R X M) n Sg-'^'iR X E) 
and, for a suitable 0-excision function x(0; 

(3.21) x{0{v{x,0-' - e 5p-+-^-(i-^)(R X M) n ^^•-'^-(^-'■^(m x m). 

Proof of Theorem 13.91 It shall be more convenient to consider instead of A{x, D) the system 
B := L{x,D)A{x,D)L{x,D)-^ = (b,j{x,D)' 

where L{x,D) = dia.g{{D}-^\ . . . , {D}-'"'). Then we have 

b,j{x,D) = (D)-''a,j{x,D)(Dy^ e 5p(K x 
Step 1: In the first part of the proof, we construct operators 



-oo 



S=[s^j{x,D)] , D = dia.g[dii{x,D), . . . ,dqq{x,D) 

V / l<i,j<q 

such that 

(3.22) BS = SD mod S~ 

and Sii{x,S,) = 1. These operators will be obtained by the Ansatz 

oo oo 

(in the sense of asymptotic summation of pseudodifferential operators) with diagonal matrices D^'^\ 
and 

s^\x,0 e 5f "(°-^--)-^ d(f)(x,0 e sr'- 

In the following we shortly write 

B,, ■.= h,{x,D), ■■=s[fix,D), d'^ ■■=d^\x,D). 

Now fix an arbitrary j G {1, . . . , q}. Then 

Thus, using the above Ansatz, the statement 

{BS)ij = {SD)ij mod e := min (r^ - r^+i), 

i</^<g— 1 

with G No is equivalent to 

N j 

(3.24) E E - E G ^p-''-^ 

We now show that we can iteratively construct operators 5^^^ . . . and D^^\ D'^^\ . . . with com- 
ponents of the required order and such that the expression in (|3.24p equals zero modulo S^°°. 
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In fact, for = 0, to obtain zero in p.24p is equivalent to 



(3.25) 
(3.26) 



^imS^j — 0, 

m— 1 



i < J, 



If we set 5"^°^ — 1, then (|3.25p and the equation for i = j from p.26p can be written in the foUowing 
form: 



(3.27) B[j] 



AO) 



V 1 / 



/ \ 





(0) 



( Bn 

Bj-i.i 
V B,, 



Bi,j-i \ 

Bj-i,]-i 
B]j-i -1/ 



0(0) 
'^3-1,3 

V J 



\B33J 



However, since — 1] is ehiptic by assumption, this system determines s[^\ . . . , •S'^^'j'i j, D''^j' uniquely 
(up to S~°°). Moreover, by Cramer's rule we obtain 

with a suitable 0-excision function x- Therefore dj|j^(x,^) is elliptic of order rj and we can determine 
Sj^i j, . . . , 5^°^ from the remaining equations of p.26p . 

Now assume S''°\ S'(^-i) and D'-°\. . . , have been determined for some N GN.lf we then 

denote by Rlf~^'' the sum of all summands in (|3.24p which are determined, the expression in p.24p 
equals zero if and only if 

(3.28) 



j(0) n(") 



^ BimS^^ — R 



I < J, 



(3.29) E5™C^-C<^-C^^"'--^. 



i > j- 



Setting S^jf' = 0, (|3.28p together with the equation for i = j from (|3.29p is equivalent to 



/ Bii 

Bj-1,1 

V 



B]-ij-i 
B3,3-i -1/ 



By this system and the >S'|^'' for i < j are uniquely determined, up to smoothing operators. The 



remaining Sl^^\ i > j, are then determined by (|3.29p . 



Step 2: The next step is to verify the A-ellipticity of D^'f ■ To this end we insert the parameter A G A 
in the equation for i = j of p.26p , writing 



E B.,,„sl^] + iB,,-X)-{Df>~X)^0. 



(0) 



m— 1 



Arguing similarly as above in p.27p . we obtain 



tc\tJ0)t c\ \\ ,^, det(5[j](x,C) - A^j) 
x(OK-,(x,0-A)=x(e) deti3b--l](x,0 "^"^ 
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with a remainder independent of aI^ 

Step 3: We shall modify S by smoothing terms in such a way that S is invertible. To this end we 
decompose S in its lower left, upper right, and diagonal part, i.e. S = 1 + L + U with 



/ 

*S'21 



U- 



/O Si 



-51, \ 



Sq-l,q 

/ 



with inverse 



\Sql . . . Sq^q-l OJ 

Moreover, let cr(^) be a 0-excision function, and 

I](e) = (T{eD), < e < 1. 

We then obtain that 

L'{e) := l + LE(e) : X — >X 
is an isomorphism both for X = © iJ.^(M") and X = © Hp'^^'Ul 

3 = 1 3 = 1 

L'{e)-^ = 1 - il](e) + . . . + {-LJ:{e)y-\ 

Since this operator is a lower left triangular matrix with I's on the diagonal and {(j{e£,) | < e < 1} 
is a bounded subset of S'°(M^), there exists a constant C > 1 such that 

(3.30) l<\\L'ie)-^\\cix)<C VO<e<l. 

Since each component Uij{x, D) of U has strictly negative order by construction of S, it follows that 

Uij{x,^)a{pO in S°. 

This together with p.30p allows us to choose < p* < 1 such that 

L'ie) + U^{p*) : © iJ^(M") — ^ © 

is an isomorphism for any < e < 1. Arguing in an analogous wajQ for the operator 

U'{p) := 1 + C/E(p) -.X—^X, 

we find < e* < 1 such that 

U'{p)+LJ:{e*) : © iJf+'-^(R") © iJf+'-^(M") 

is an isomorphism for any < p < 1. It follows that 

5^ 1 + LS(e*) + U^{p*) : X — >X 
is an isomorphism (for both choices of X). Moreover, 

S-S = L{1- a){e*D) + U{1 - a){p* D) 
is a smoothing operator, since (1 — cr)(C) is compactly supported. 



,(0) 



A, 



■'More precisely, one obtains a system analogous to 113.271 . replacing D^^^ and B^^) by D^^^ — A and B^^ 
respectively. One then has to observe that the symbol of the operator on the left-hand side differs by a lower order term, 
which does not depend on A, from the pointwise product of the respective symbols. 

^Note that the nontrivial components lij{x, D) ol L are of order and < — r^. 
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Step 4: In view of p.22p and Step 3, we may assume that 

BS = SD + Ri= S{D + S-^Ri) 

for some smoothing operator Ri. Due to the spectral invariance of pseudodifferential operators, also 
S^^Ri is a smoothing operator. Thus BS — SD with a D that differs from D of Step 1 by a smoothing 
operator. Defining now 

V{x,D) L{x,D)-^ SL{x,D), A{x,D) := L{x, D)-^ D L{x, D), 

and using that B — L{x, D) A{x^ D) L{x, D)^^ by definition, we obtain that 

V{x,Dy^ A{x,D)V{x,D) ^ A{x,D) mod 5"-°°, 

and V as well as the diagonal matrix A have the properties described in the theorem. Thus the proof 
is complete. □ 



Corollary 3.10. K-ellipticity in the sense of Definition 13.21 implies K-ellipticity in the sense of 
Definition 13.11 



Proof. Let A{x, D) be A-elliptic in the sense of Definition 13.21 We use the notation of Theorem 
Let us set 

W{x, D) := V{x, D)-\ A{x, D) ^ diag(5ii(a;, D), . . . , a,,(a:, D)) . 

Using the standard property that 5i#fe2 — ^1^2 G S"^^^^^ '"^ for symbols hj{x,S,) G Sg' together 
with p.2ip . it is easily verified that 

V[x, 0'^A[x, ov{x, = Mx, + R{x. 
for sufficiently large 1^1, with a remainder (ry (a::, ^)) satisfying r-y (a;, ^) G S*^'^™^ ^\ 

V / l<i,j<q 

It follows that 

det{A{x, C) - A) ^ dct(l(a;, ^) + i?(a;, - ^) • 
By Theorem 13.91 it is obvious that A is A-elliptic in the sense of Definition 13.11 By Corollary 13.61 this 
is then also true for A + R, hence for A. □ 

4. Bounded iJoo-calculus for perturbed Douglis-Nirenberg systems 

Throughout this section, we let A{x, D) be a A-elliptic Douglis-Nirenberg system, and we consider the 
unbounded operator 

(4.1) A ^ A{x, D)+K : VcH — >W 
where 

(4.2) p = © m+"'HW), ® w-^'{W') 

j=i 1=1 

with arbitrary fixed s G M and \ < p < oo, and K = {Kij)i<cij<q is a perturbation satisfying, for 
some e > 0, 

(4.3) K,j : H'+"''^-^{W) — >i7"-''(R") Vl<i,j<g. 

We shall show that then A generates an analytic semigroup and, even stronger, that it admits a 
bounded i/oo -calculus. 
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4.1. Resolvent estimate. From standard elliptic theory (i.e. the existence of a parametrix to 
A{x, D) which inverts A{x, D) up to smoothing remainders), it is straightforward to deduce that the 
operator A from (|4.ip is closed. 

Theorem 4.1. Let A he as in (j4.ip . Then there exists an aQ > such that for each a > ao the 
resolvent of Aa '■= A + a exists on A and satisfies 

(4.4) ||(^„-A)-i||£(„) <C(A)-i VAeA. 
Moreover, with the notation from Theorem 13.81 

(4.5) {Aa-Xy^ =G{x,D;X)+R{X) VAeA 
with a remainder R{X) = I Rij (A) ) satisfying, for some e > 0, 

V / l<i,j<q 

(4.6) \\R{X)\\cin)<C{X)-'-' VAeA. 

Before we come to the proof, let us remark that in (|4.5p the operator G{x,D;X) is constructed as in 
Section [321 but with respect to the symbol A{x,^) + a (recall Remark [3^ . Moreover, the estimates 
in Theorem 13.81 implv that 

\dpf^g.,{x,tX)\ < a;3,(A)-i+-(0-"'-'^-(^-^)'''-l"l+'l^l VO < T < 1, 
uniformly in (x,^,X) E M" x K" x A. Thus, by Theorem [121 

(4.7) ||<?y(a^,^;A)||^(^.-,,(R„),,„+,„.-,i-.),.,(K„)) <a,r(A)-i+^ VO<r<l V a e K. 

Proof of Theorem 14.11 Choose ao so large that A{x, D)+a is A-elliptic and let A — A+a-K. 
Then Theorem 13.81 implies that there exists a c > such that 

(A-X)-^ = {l + R^'^\x,D;X)y^G{x,D;X) ^ G{x, D; X){l + R^^\x, D; X)y^ 

for all A e A with |A| > c. Since ||(l + R^'^^ {x, D; X)) ^\\ is uniformly bounded in |A| > c, we derive 
from (|4.7p with t — and a — s that 

\\{A-X)-^\\<C{X)-^ V|A|>c. 

By definition of A we can write 

Ac-X = {1 + K{A- X)-^){A- X) =: (1 + 5'(A))(^- A). 

Using the above representation of the resolvent, 

S{X)=KG{x,D;X){l + R^^\x,D;X)y\ 

Now choose < t < 1 such that r > ^^^^ whenever n > 0, i.e. r fulfills (1 — T)r; < e for all 1 < Z < q. 
Then (|4.7p with a = s together with assumption (|4.3p yield that 

{Xy-^Kagi,{^,D;X) : i?;-'^(K") i/;-''(R"), 1 < i,j,l< q, 

is unifomly bounded in A e A. It follows that (A)^^'^S'(A) e C{H) is uniformly bounded in A e A. 
We conclude that the resolvent {Aa ^ A)""'^ exists for all |A| > c for a sufficiently large constant c. 
Replacing now ao from the beginning of the proof by ao + c, the resolvent exists for all A e A. 
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Representation (|4.5p we derive by repeated use of the formula (1 + T)^^ = 1 — T + T(l + Tj^^T. In 
case K ~ we apply this formula to T = R'-^\ and even obtain a remainder of decay 0((A)^^) with 
respect to the operator-norm in Ti.. Otherwise, we have 

{A^ - A)-i - G{x,D; A)(l + R^^Hx.D; A))"'(l + S{\))~' = G(l + S{X))~^ + 0{{X)-^). 

Furthermore, 

G{x, D- A) (1 + S{\)y^ = G{x, D; A) + G{x, A) ( - S{\) + 5(A) (l + S{\)y^ S{\)^ 
^G{x,D-\) + 0{{\)-^+^). 
This finishes the proof. □ 

Corollary 4.2. Let A — A(9) with 9 < ^. Choosing a > large enough, A + a is the infinitesimal 
generator of a bounded analytic semigroup on Ti.. 

4.2. Short review of the i/oo-calculus. Let us recall some basic facts about the iJoo-calculus 
for a closed, densely defined operator 

A : V{A) cX — > X 

in a Banach space X. This calculus was originally introduced by Mcintosh [13j . We refer to [llj for 
a detailed presentation. Given < 6* < tt, let A be as in p.ip and OA = dA{6) its parameterized 
boundary. Assume that 

• A \ {0} is contained in the resolvent set of A, 

• ||A(A — ^)~^||£(x) is uniformly bounded in ^ A G A, 

• A is injcctive with dense range. 

We let Hoo = Hoo (S) denote the space of all functions / : C \ A ^ C which are holomorphic and 
bounded, equipped with the supremum norm. The subspace H = H{9) consists of all functions which 
additionally satisfy, for some s > 0, 

sup (|Ar^ + |An|/(A)| <oo. 

AeC\A 

This subspace is dense in Hoo in the following sense: Given / G i?oo, there exists a sequence (/jOjgn C 
H such that fj — > / locally uniformly on compact subsets of C \ A, and |l/j ||oo < c||/||oo for some 
constant c which is independent of j G N. Moreover, each / G i/oo possesses (non-tangential) boundary 
values that define /|aA G Loo{dA). 

Because of the decay property, for every f (z H the integral 

(4.8) f{A):^^ I f{X){X-A)-UX 

271-1 Jqa 

converges absolutely in the £(X)-norm and thus defines an operator f{A) G C{X). By approximation, 
the definition of f{A) can be extended to all / G Hoc- If {fj)jeN C -ff is an approximating sequence 
as described above, the limit 

f{A)x^ hm fj{A)x 

exists for all x G 2?(A) and does not depend on the specific choice of the sequence. The resulting 
operator f{A) : 2?(A) d X ^ X is, closable. Its closure will be denoted again by f{A). 
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Definition 4.3. The operator A admits a bounded i/oo-calculus for the sector C\A if f{A) e C{X) 
for any f (z H and, with some constant M > 0, 

(4.9) ll/(^)ll£m <M||/l|oo yfeH. 

If A admits a bounded ffoo-calculus with respect to C \ A then, due to Banach-Steinhaus theorem, 
the estimate (|4.9|) extends to all / G Hoo- 

We finish this summary with a simple observation of which we shall make use in the next section. 

Remark 4.4. The Hoc-calculus is invariant under conjugation with isomorphisms, i.e. ifV€ C{X) is 
an isomorphism, then A admits a bounded H^o-calculus with respect to C\A if and only if B := V~^AV 
with V{B) = V'^{V{A)) does. In this case, 

f{B) = V~^f{A)V V/effoo. 

4.3. Douglis-Nirenberg systems. We shall improve CoroUarv 14.21 



Theorem 4.5. Let A he as in (j4.ip . Then there exists an > Q such that for each a > the 
operator Aa = A + a admits a bounded Hoc-calculus with respect to A inJi. 



Proof. According to Theorem 13.91 and Lemma [4.31 we may assume that A{x,D) is a system of 
diagonal form. Replacing from the very beginning A{x, D) by A[x, D) + a for a > ao as in Theorem 
14.11 we may assume a = and obtain that 

A)-i =diag(5ii(a:,D;A),...,5,,(x,Z?;A)) +i?(A), 

where (A)^+'^i?(A) G 'C(7Y) is uniformly bounded in A e A for some e > 0, and gii{x, D; X) is the 
parametrix to aii{x, 13) — A in the sense of Theorem 13.81 (in the special case of g = 1). We now insert 
this representation in the Dunford integral (|4.8p . obtaining two summands, namely 

i?(/):=^ / fimWdX 
and a diagonal matrix G(/) with entries 



9A 



Gu{f)^7r-[ fW9ii{x,D;X)dX, i = l,...,q. 

Since i?(A) is an integrable function with values in C{TL), it is obvious that we can estimate 

\\R{f)\\c(n)<M\\f Woe yfeH 
with a constant M independent of /. To show the analogous estimate for G{f) we have to verify that 

\\Gu{f)\\ciH^-^.^M^))<M\\f\\oo VfeH 

for any 1 < i < q. This has been done already in the proof of Theorem 3.11 of [7]. For convenience of 
the reader, we shortly sketch the argument: Write 

9izix,^;X) := g^^{x,^;X) - gu\x,^; X) 
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(cf. Theorem [XHl). Correspondingly, Guif) = Gf^\f) + Gu{f) with obvious meaning of notation. 
Then Gi°\f) = af\x,D) and Gu{f) = af\x,D) with 

^f\x,0 = 2^ f_ f{\){au{x,0 - A)-idA, 



a 



dX. 



afix,C) = :^ I /(A)5,,(x,e;A), 

Here, "^(^ is a path of "pac-man shape" consisting of the circular part {A G C \ A | |A| = c{^Y^} 
and the two straight lines {A G 9A | |A| < c(^)'''}, where c — 2||aM||^'g (cf. the notation given after 
Definition l2.ip . Then it is straightforward to see that {ay.''''/||/||oo | ^ / G i?} is a bounded subset of 
and, using the estimate (|3.17[) for i — j, that {a//||/||oo | 7^ / G i?} is a bounded subset of Sl~^ . 
In particular, the sets of associated pseudodifferential operators are bounded subsets of £(i?*(R")) 
for any choice of t £ K. □ 

Let us mention that ii K = Q in (14. ip . the previous proof shows that f{A)^ f ^ H, is a Douglis- 
Nirenberg system, i.e. 

fiA) = (a{^{x,D)) , al{x,0 G 

^ / l<l,J<q 

and, for suitable constants Ck > 0, 



\\a{j\tl,'^ <Ck\\f Woo yfeH VfcGNo. 

5. Systems with Holder continuous coefficients 

The aim of this section is to show that Douglis-Nirenberg systems with only Holder continuous coef- 
ficients (in a sense made precise below) can be treated as perturbations of smooth Douglis-Nirenberg 
systems in the sense of Section |4l 
Let us introduce the scale of Holder- Zygmund spaces 

C;(R") i?^,^(M"), s > 0, 

where ^(M") denotes the standard Besov-spaces on K". As before, we shall write also shortly CJ. If 
s = k + r with k G Nq and < r < 1, then coincides with the well-known Holder space of functions 
u that have bounded derivatives d^u, \a\ < k, and 

sup J Y ^^<^- 

x^y k-2/r 

Definition 5.1. Let t > 0, e R, and < S < I. Then C*S'^(R" x K") denotes the space of all 
functions a : M" x M" C such that, for any a G Nq, 

|9|'a(a;,0l <a(0""'"' Va;,^GM" 

and 

with some constants Ca > 0. Again, we write for short ClSg . 



For a detailed presentation of properties of associated pseudodifferential operators we refer the reader 
to |15] . Let us only mention the following two results: 
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Proposition 5.2. If a e ClS^ then, continuously, 

a{x, D) : iJ^+^(R") — > H'^iW) V - {1 - 5)t < s < t V 1< p < oo. 

Proposition 5.3 (Symbol smoothing). Let a € ClSg and (5 < 7 < 1. Then there exists an a^' G 5;^ 
such that 



a 



a-< e CtS!t-''^''-^l 



The previous proposition says that symbols with Holder continuous coefficients can be approximated 
by standard smooth symbols, modulo a remainder of more negative order. 

Theorem 5.4. Let s G M 6e fixed. Let A{x,D) = laij{x,D)] be a Douglis- Nirenberg system 

V / l<i,j<q 

with aij G Cl^Sg~^"^' such that each ti is positive and 

(5.1) -{l-5)ti<s-li<ti yi<i<q. 

Moreover, assume that A(x,D) is K-elliptic in the sense of Definition M.W or l3.2[ Then there exists an 
ao > such that 

A[x,D) + a: © i/^+^^XM") C © i/;-'-(M") — ^ © i7;-''(M") 

j — l i—l i—1 

admits a hounded Hao- calculus for any a> a^. 

Proof. Condition ()5.ip together with Proposition 15.21 ensures that A{x,D) has the requested 

mapping property. By assumption on s we can choose a 7 € {5,1) such that (|5.ip remains valid if we 

replace (5 by 7. Then we choose symbols a^- S Sj'^^^ that correspond to in the sense of Proposition 
q 

15.31 Then e = min ti (7 — 6) is positive and it follows that 

i—l 

rl {x, D) : H;+-^' -^(M") ^ H;+'^ (R") V 1 < i, j < 9. 

Hence := {rjj{x, D)) is a perturbation in the sense of (|4.3p . Now the result follows from 

Theorem 14:51 applied to Ai{x, D) {aj^ix, -D))^<- since A{x, D) = A^{x, D) + by construc- 
tion. □ 

6. The generalized thermoelastic plate equations 

The generalized thermoelastic plate equations on K." consist of the system 

vtt + Lv- L'^w = 

(6.1) 

cwt + + L^^vt = 
depending on the parameters < a, /3 < 1, together with the initial conditions 

v{0, ■) = vo, vt{0, ■) = 1^1, w(0, •) = wa, 

where L = (—A)'' with some 77 > 0. This equation has been introduced independently in [TT and [T| . 
For the special choice = 2 and a — j3 — \/2 one obtains the thermoelastic plate equations 

Vtt + aA'^v - bAw = 
cwt + dAw + bAvt = 0. 
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Introducing the new variable u — [w,vt, L^^^v), the system (j6.1|) can equivalently be expressed as 

(6.2) ut + A{D)u^Q, 1(0= -leP'^" lei" 

If we now let xiO be an arbitrary fixed 0-excision function, then A{^) x(0^(C) is a 3 x 3-Douglis- 
Nirenberg system, according to the following choice of orders: 

TOi = 2rj{a — P), m2 — 0, = ^rji^^ + a — 2/3), 

h = 2/377, /2 = 277(2/3 - a), = V- 

Correspondingly, we have 

(6.3) ri= 277a, ra = 277(2/3 - a), = 277(1 + a - 2^). 
Lemma 6.1. Assume that the parameters < a, P < 1 fulfill the conditions 

(6.4) a>/3 and 2[3-a>\. 

Then the numbers from ()6.3|) satisfy ri > r2 > ra > and A[D) is A-elliptic for any sector A which 
does not contain the positive half-axis. 

Proof. By direct computation we find that 

ficr^-A -.^ = 1 

det{A[Km - XE^) = I ler^d^r^ - A) ■.k = 2. 

[|^|ri+r2(|^|r3 :K = 3 

Now the claim follows by observing that 

\s - A|2 = |sp - 2 s Re A + |Ap > min(l, 1 - cos6l)(|sp + |Ap) 
for any positive real s and A £ A = A(^)- ^ 

The assumption of strict inequalities in (|6.4p is made to ensure the validity of (|3.2p . However, as 
already remarked in the paragraph following p.2p , we could also admit equalities in (|6.4p . 
Next, we observe that K := A{D) — A{D) is a smoothing operator in the sense that each component 
maps i?p(M") to i7*(IR") for arbitrary s,t eM. and 1 < p < 00. In fact, a component of K has the form 
fc(I?)forfc(0 = (l~x)(Olf 1^ "^ith e > 0. Then the desired mapping property of fc(Z3) is, by composition 
with the order reductions (D)'' and (I?)*, equivalent to the property that k{D) G £(Lp(R")) for 
^(0 ~ (1 ~ x)(0(C)*~''ICI'^- However, this is true by the Mikhlin multiplier theorem, for example. 
Hence, applying Theorem 14.51 we obtain (generalizing the results of Section 3 in [5]): 

Theorem 6.2. Let a, (3 fulfill ()6.4p . Consider A{D) from (|6.2p as an unbounded operator in 
wii/i t/ie domain 

V := i?;'+2"("-«(E") ® i7;(M") © iy^+2'7(l/2+a-2/3)(jg«) 

wit/i some s G M arid 1 < p < 00. T/ien </iere exists hti Ao > smc/i f/iat ^(i?) + A admits a bounded 
H^o-calculus for any A > Aq. In particular, if I < q < 00 and T > are given, the equation 

Ut+AiD)u^ fit), u{0) = uo, 
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has for each right-hand side f £ Lq{[0,T],Ti) and each initial value Uq £ (2?, 7i)i a unique solution 
belonging to W^{[0,T],TC) fl Lq{[0,T],'D) which depends continuously on f and uq. 

7. Further extensions 

Instead of working with the scale of Sobolev spaces iJp(R") we also could have chosen to consider 
Besov-Triebel-Lizorkin spaces i?pg(R") and Fp ^{W"-) with 1 < p,q < oo, and also the Holder spaces 
c^(K"), s > 0, which are defined as the closure of Cg^(M") in C,"(M")@ This is due to the fact that the 
only property needed for the proofs is that pseudodifferential operators act continuously in the scale, 
in a sense analogous to Theoreni l2.2l Therefore, all our results of Sections [3] to [6] remain valid in these 
other scales of spaces. Also they remain true for systems on compact manifolds. 

References 

[1] F. Ammar Khodja, A. Benabdallah. Sufficient conditions for uniform stabilization of second order equations by 

dynamical contoUers. Dynam. Contin. Discrete Impuls. Systems 7 (2000), 207-222. 
[2] S. Coriasco, E. Schrohe, J. Seiler. Bounded _ffoo-calculus for differential operators on conic manifolds with boundary. 

Comm. Part. Diff. Eq. 32 (2007), 229-255. 
[3] R. Denk, G. Dore, M. Hieber, J. Priiss, A. Venni. New thoughts on old results of R.T. Seeley. Math. Ann. 328 

(2004), 545-583. 

[4] R. Denk, R. Mennicken, L. Volevich. The Newton Polygon and elliptic problems with parameter. Math. Nachr. 
192 (1998), 125-157. 

[5] R. Denk, R. Racke. L^'-resolvent estimates and time decay for generalized thermoelastic plate equations. Electron. 

J. Differential Equations 2006, no. 48, 16 pp. (electronic). 
[6] G. Dore, A. Venni. On the closedness of the sum of two closed operators. Math. Z. 196 (1987), 189-201. 
[7] J. Escher, J. Seiler. Bounded i?oo-calculus for pseudodifferential operators and applications to the Dirichlet- 

Neumann operator. Trans. Amer. Math. Soc., to appear. 
[8] A. Kozhevnikov. Spectral problems for pseudo-differential systems ellitic in the Douglis-Nirenberg sense and their 

applications. Math. USSR Sb. 21 (1973), 63-79. 
[9] A. Kozhevnikov. Asymptotics of the spectrum of Douglis-Nirenberg elliptic operators on a compact manifold. Math. 

Nachr. 182 (1996), 261-294. 
[10] H. Kumano-go. Pseudo- differential Operators. The MIT Press, 1981. 

[11] P.C. Kunstmann, L. Weis. Maximal Lp-regularity for parabolic equations, Fourier multiplier theorems and H°°- 
functional calculus. In Functional Analytic Methods for Evolution equations, Lecture Notes in Math. 1855, Springer, 
2004. 

[12] H.-G. Leopold, E. Schrohe. Spectral invariance for algebras of pseudodifferential operators on Besov-Triebel-Lizorkin 

spaces. Manuscripta Math. 78 (1993), 99-110. 
[13] A. Mcintosh. Operators which have an _ffcxD -calculus. In B. Jeffries et al. (eds.), Miniconference on Operator Theory 

and Partial Differential Equations, Proc. Center Math. Anal. A.N.U. 14, 1986. 
[14] J. Munoz Rivera, R. Racke. Large solutions and smoothing properties for nonlinear thermoelastic systems. J. 

Differential Equations 127 (1996), 454-483. 
[15] M.E. Taylor. Tools for PDE. Mathematical Surveys and monographs 81, AMS, 2000. 

Universitat Konstanz, Fachbereich fur Mathematik und Statistik, 78457 KONSTANZ, Germany 
E-mail address: robert . denk{Buni -konstanz .de , juergen.saalOuni-konstanz.de 

Universitat Hannover, Institut fur Angewandte Mathematik, Welfengarten 1, 30167 Hannover, Germany 
E-mail address: seilerOif am.uni-hannover .de 



'where (•, ■)e,q refers to the real interpolation space 

'smooth functions whose derivatives of any order are bounded 



